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1 Introduction

This report presents a three dimensional hydrodynamic and transport model developed
at University Fernando Pessoa by the author, over the period 2006-2008. This model is
a follow-up of a two dimensional model developed previously within the scope of two
European projects (Duarte et al., 2003, 2005, 2008). It was applied first in the work of
two post-graduated students — one Msc and one PhD student, for the Alqueva reservoir
and the Douro estuary, respectively. The model was implemented with EcoDynamo —
an object oriented modelling software (Pereira & Duarte, 2005; Pereira et al., 2006). In
this report, all the equations and respective numerical resolution are presented,
together with some explanations.

2 General equations
The model is based on the horizontal equations of motion (1 and 2), the equation of

continuity (3 and 4), the transport equation (5) and on the hydrostatic assumption
(Pond & Pickard, 1983).
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Where,

u, v and w - Current speed (East-West(x), North- South(y) and Bottom-Up(z),
respectively) (m s™); P — Pressure (N m?); p — Density (kg m-%); v - Eddy diffusivity
(East-West(x), North- South(y) and Bottom-Up(z), respectively) (m? s™); Cf — rugosity
coefficient (dimensionless); T - wind stress (N m?); f — Coriolis parameter; & - Surface
elevation (m); H- Depth (m); S -eoncentration of any dissolved or particulate property
(k(i; n'11'3); A — diffusivity of the mentioned property along each of the three dimensions
m-s™).

Equation 3 is applied at the surface, where flow divergence/convergence may change
surface elevation. Equation 4 is applied below the surface, where the balance of
inflows and outflows at any control volume must be zero.
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3 Numerical solutions

The numerical solutions were obtained following a finite difference scheme, based on a
Cartesian coordinate system (Fig. 1). Hereafter, superscripts t-1, t and t+1, refer the
time step to which the value being used corresponds. i or j-1, -1/2, +1/2 or +1 represent
the position in the model grid where the variable is evaluated. i, j and k refer grid cell
coordinates along west-east, south-north and bottom-up directions, respectively.
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Figure 1 — A simplified view of the three dimensional model grid (upper left) showing

the usage of indexes i, j and k. Scalar quantities are calculated at the centre of each

cell, whereas vector quantities are calculated at the interfaces between cells, as shown
in the amplified grid cell (lower right) .

In this model, a semi-implicit numerical scheme is used for stability. The generic
algorithm is:
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One horizontal velocity component is calculated explicitly and together with an implicit
calculation of the other horizontal velocity component, embedded in the equation of
continuity, used to estimate water levels. Using these water levels in the barotropic
pressure term, the implicit horizontal velocity component is calculated implicitly.
Afterwards, vertical velocities are calculated with the continuity equation from bottom till
the surface. At the surface layer, the numerical solution of equation 3 is used to
calculate a final estimate for the water level. Calculated velocities are then used in the
transport equation to calculate the concentration of dissolved or particulate substances.
In the next (semi) time step, the explicit velocity term of the previous one becomes
implicit and the implicit becomes explicit and so forth.



3.1 Numerical solutions for the equations of motion

Equations 6 and 7 are the numerical version of equations 1 and 2.
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3.1.1 West-East velocity component

In the following pages, the West-East velocity component (hereafter referred as u
component) will be solved implicitly considering intermediate, bottom and surface
layers to emphasize some differences related to the presence of different borders. The
explicit version of each equation will be presented first, followed by the implicit solution.

Intermediate layers:
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Equation (8) may be solved explicitly for u or implicitly as described below. In this case,
it must be rearranged in order to obtain a tridiagonal system with coefficients a, b, ¢
and r, that may be solved for u in t+1 (9 and 10). The system is represented in (10). It
may be solved by matrix inversion and multiplication using very efficient algorithms, like
Tridag (Press et al., 1992).
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Bottom layer:

At the bottom layer it is necessary to consider bottom drag (last term on the right side
of equation 11).
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Again, this equation is rearranged in order to obtain a tridiagonal system (12 and 13).
However, due to stability criteria (see above) the bottom drag term is solved implicitly,
reason why it is on the left side of 12.
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Upper layer:

At the upper layer it is necessary to consider the wind drag (last term on the right side
of equation 14.
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3.1.2 South-North velocity component

In the following pages the North-South velocity component (referred as v) will be solved
implicitly considering intermediate, bottom and surface layers. The explicit version of
each equation will be presented first, followed by the implicit solution.

Intermediate layers:
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Bottom layer:

At the bottom layer it is necessary to consider bottom drag (last term on the right side
of equation 19.
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Again, this equation is rearranged in order to obtain a tridiagonal system (20 and 21).
However, due to stability criteria (see above) the bottom drag term is solved implicitly,
reason why it is on the left side of equation 20.
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Upper layer:

At the upper layer it is necessary to consider the wind drag (last term on the right side
of equation 22.
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+ Wit:f/zzjkﬂ‘) Vi = (Wit:}};;k + ‘Wi‘:);zzik
2H
ol el (i
2H ]y

+(% _

Wi—yzjku

k=surflayer i
gf_*/yz_gtf*}/z_ Z (pijk_pi—ljk)(HitJ'k-l_ Hit-ljk)/z
—g| 2 i-1 , k=0
Ay"'—}/zk (pijk"'pi—ljk)/ZAYi—yzjk

Vx

t t
—2(Vijk _Vi—ljk)
A/

|4
+_x2(Vit+1jk _Vitjk) -
Ay
14 14
+—y(V}j Ik _V}jk) _—y(Vitjk ~Vj —1k)
AX AX;
ij+ 3k Xi; - Yk
Tvento
_2V¢(Vitjtl_vgtjﬁl—1) +—1 Uijk
AZi_ijk_}/Z PAZik

(22)
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Atvij
t+1 ij 1 t+1) —
Vit (i) =
A
|—}/21k—}/2
ot t t t
uk( ,+}/Jk |+}/2jk)Vijk Hi—ljk(Vi_}/ij""Vi_)/zjk)Vi—ljk
+
. At AYi-y 5
ViTT o 2t )
Hijk + Hiajk t gt ¢ o ¢
( ) H i ,+}/Jk '+}/2jk Vistjk ~ Hi-1jk Vis ik T |Vi- i | Viik
AYi—}/zjk

Hisgie (u:-}/zﬁ/f *lui- e 2 )V}ik “Hi (“?—/fz‘—/% i ‘“it-%i-/%‘)"‘tj - +_
At AXij- 1k

(i) ?—%J%k(“?—%i%k BT LRI LT D

AXi- 1k |
bt b
At 2,y
(e Vi | VA PP W
i 2H g0 |
EU -¢ 721] k:sgw (pijk —pi_l,-k)(H ot Hi) /2
--gAt o + (pijk + pi_ljk)/ZAyi_}/zjk

+V_X2(Vit+1jk _Vitjk)At _V—;(V}jk _Vit—ljk) At

Ay, Yiik
A TVentO
v Vy WA .
t— . (Vitj +1k _Vitjk) At _—(Vuk Vi -lk)At + : Fupdt
AXij+}~ék A IJ —}/k pAZijk

(23)

t+1 t+1 t+1 —
AijkVijk-1 + bijkVijk + CijkVijk+1 — lijk

_ Atvik
dijk = _F
R (24)
i _1+ Atv.,
% %Jk b
cik =0

Again, this equation is rearranged in order to obtain a tridiagonal system (23 and 24).
The three different solutions of the terms a, b, ¢ and r (equations 18, 21 and 24) are
applied according to the type of layers.
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3.2 Equation of continuity
3.21 Water level estimation

The numerical version of the equation of continuity (3) is presented in equation 25. The
elevation is calculated from the difference between the total inflows and the total
outflows of each grid column, making unnecessary to know the values of vertical
velocities at this point. The terms “Flowlnput” and “FlowOutput” are included to account
for any water discharges and uptakes.

Water level variations
at the surface layer result
( \ from flow divergence

7Q, =) { =) 3Q,.;

Input and output flows are integrated vertically for each column
in both horizontal directions (for simplicity it is shown only one direction)

Figure 2 — A columns of cells, illustrating how the equation of continuity is used to
estimate water level to be used in the barotropic term of the u and v equations.

Semitime step=1

{”% =& +At wiace u}itl( Hix+ H }j—lk) 3 Ui ik ( Hik+ H itj+]_k)
i i 2\Xik 2Axj«

k=bottom

S“iace (ijk(H itjk +H }—1jk) B V}+1jk(H itjk +H it+1jk)}

+At (25)

2A0y; ik 20y, ik

k=bottom

k=Dbottom

A suiace Flowlnput,, — FlowOutput
DX
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The velocity terms in t+1 may be obtained by solving equations 8, 11 and 14 for uitj+l

and summing them over each column obtaining equation 26. The vertical diffusion
terms cancel each other and it is possible to obtain an equation for u™** to use in
equation 25.

surface 41 t t _ surface t t t
Zk:bonom[uuk(H i+ H iJ—lk)] = Zk:mom[uu (Hi+H u—lk)]

H i (UitH}/zk + U:H}/2k ) Uik ~ Hij-« (Ufj_)/zk + ‘uitj_)/zk‘) Uij-1k
+
At AXij- vk
H i (uitﬁ}/zk - u§j+/y2k ) Uijeak ~ Hijax (Uitj_)/2k _‘uitj_)/zk‘) Uijk
| AXij- 1k |

Vis —/5‘) Ui H Iz 1y (V:-/fg -yt ‘Vit-/li-/%‘) Ui-j¢ +_
Ay, Yik

MV

surface +At
— t t _
Zk:bottom Hi+}/2j_}/2k(vi+}/2j_)/é<

M -/f‘) Ui~ i (V:-/é Ay “’:—/ﬁ-ﬂ‘) Ui
Ay, Yk

+At ( H i+ H itj—lk)

i (w:j__/]/fzkﬂ + Wilj__/;zzkﬂ‘) Uik ~ (W:;__))/Zk + ‘Witj_—;;%(‘) Uij2 +_
2H itj—}ék
(witj__yyzzlﬁ1 - Witj_—}}/z/zkﬂ‘) Ul = (wfjﬁzk - W:j__)j?} ) Ui
Ii 2H 1 | |
(M H i) =g
o AXij- vk
- k=surflayer
GALY " eom - ;y (0= 2y 2) (Hi HYad) /2
+(H ik+H ij—lk) (loijk + pij-lk)/ZAXii—}/zk

+Z:J:rzzm (H ikt H }j—lk) At (AV_XZ(Uitjﬂk - Uitjk) _AV—ZX(Uitjk - Uilj—lk)J

Xijk Xij -1k

surface 14 4
+zk:botmm (H itjk +H }j—lk)At {ﬁ(U}ﬂjk - U}jk) _W(U}jk _Uit—ljk)J
i+ ik i-¥ik

vento

AR HATT e et s

PH itj—yzk

surface

fo
k=bottom Vijk

(26)
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However, there is still a velocity in t+1 on the right side of equation 26, in the bottom
drag term. This term may be replaced by solving equation 11 for ut+1 as shown in

equations 27 and 28. Equation 29 is just a simplified version of 28.

At )
Uijk[l+m(0f ik +Cf ij—lk)|U}ik|J = Uik

H itjk(Uilj+}/2k + ‘u:j+}/2k )Uitjk ~Hij-u (u:j_%k + ‘uilj_)/zk‘) Uij-1k
~ At AXij-1k
L+t
(H ijk H u—lk) )u}j+lk -H itj—lk (uitj—}/zk - ‘UE_}/’}D Uitjk

AXij- 1k

+

t t |t
H ijk(UiH}ék ‘u”%k

t t t to_ gt t t t
H i*%i—}/zk(v“}/zi-/zk " "%—/z«‘)“"k H i-/é-/ﬁ(vi-/‘é'-/% +‘V‘—/1i-/15‘)u"“k .
~ At AYi- 1

)Uitjk

(H ikt H itj—lk)

L T VT AL s e

L Ayi—/l/zjk |
+
t
At iy
( 'l_}}é/kﬂ_ |]—}}/2/k+|‘)uitik+l ( ”_}/zk ‘W )Uuk
I 2H 1 |
k=surflayer
A ff;%—ff;)fl kz(; (pijk_pij—lk)(Hitjk+Hitj—lk)/z
_g t 1 1 + =
A1 (pijk + pij—lk)/ZAXij—}/zk

Vx t t Vx t
+ Uij sk — Ui ) At =—2—( Uijk — Ujj- ) At
Axﬁk( j+1k ]k) AX”_lk( jk j 1k)
1%
+—A 2y (Uit+1jk_ufjk)At_A s (U}jk_uit—ljk)At
yi+}/21k yi—}/zjk
Vijk+ + + *
+ A7 et (Uitjkjlrl_u}jkl)At + fydt

l*k*

(27)
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)Uitjk —Hij-x (Uitj_}/zk + ufj_)/é(‘) Uij-1¢

AXij- 1k

) Uij+ac ~ Hij-1c (Uitj_}/zk - ‘uitj_)/zk‘) Uijk
AXi-1x

t t t
H ijk(UiH%k +‘uij+/1/2k
+

R
Uiji (Hitjk+Hitj—lk)

t t 1, .t
Hiijx (uij%k ‘uij%k

g oML Vs

H?+yzj—%:k(vi‘+%zj—/f

t t
Vi_/ii_/%‘)Ui—ljk N

At Ayi-yzjk

A

L LT

“’it-%iﬂ‘)”‘tik

jk

Ay, A

+ W:j:};zkﬂ‘) Uik~ (Witj__)}ézk + ‘W:__))%(D Uijc-1 .\
2H 1
2H 1

%

Wi~

[
|

%

Wij—}/2k+1

k=surflayer

kZ::o (pijk_pij—lk)(H ikt Hitj—lk)/z

(piik +pij—1k)/2AX”‘Vzk

v ¥,
Eij <(ij -1y

—gAt
AXij- 1k

4 t t
7)(2 (Uij+1k - Uijk)At -
AXij

+ Vizx(ufjk _Uitj—lk) At

Xij-1k

%
(Uit+1jk - Uitjk) At _yziy(Uitjk - Uit—ljk) At
i-Yik
t+1

Uijk+1~ UithI;l) At + f Vi*ikAt

+%
Ayn}/zjk
Vijk+1

2
AV AR

ij—k+>
2 2

t+1 —

Uik
(ct

[1+( At ijk+Cf ij—lk)|uilik|J

(28)

Etem gt

ij ij-1

+Other _terms
AXij- 1k

—gA{
t+l —

Uiji

Equation 30 is obtained by inserting equation 27 into equation 26.

(29)

At
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k=Dbottom
surface

_AtgAt z k=bottom

(H skt H itjk)

t t
Hijk (uij%k +

Axi+y,

t
uij+)/2k

7=
{i[;% + AtgAtZ:Surface [( Hik+ H itj—lk) !

¢ grij -1
Axij-y /(ZAXij )]

A _ t+1)
o fan oo

)Ui[jk —H itj—lk(Uitj_)/zk +

surface

k=bottom

Ufj_/f‘) Ui[j -1k

+

At
H itjk (UL.J(}/Zk -

t
Uij+}/2k

AXij- 1k

t t t
) Uij+x — H ij—1k(Uij_)/2k -

UL- _)/zk‘) Uitjk

R

AXi- 1

(ZAXij)

[Ui[jk (H ikt H }j—lk)/zAXij]

! Loyt t t t
LS | I CRMRIC] vomn L X

surface
_Atz k=bottom + At

A

Ay, -

2jk

LN L L VI

surface

_AtgAt Z k=kbottom

+Atz surface

k=bottom

(H ikt H ilj—lk)At

+Atz surface

k=bottom

(H ikt H itj—lk)At

+At(Hitjk+ Hitj—lk)

AYi—}/

2k
M - t— t- t- 1
(Wij—}%mﬁ \Nij—}}%kﬂ‘) Ui ~ (Wij—}}/z/zk + \Nij-}}/%k )Uitik-l .\
2H itj—}/zk
t- t- t- t-
(Wij_yyzzkﬂ— Wij_yyzzkﬂ‘)u?jkﬂ—(ij_};?zk - Wij_))/%(‘)uitjk
I 2H 1 |
k=surflayer
(pijk - pij—lk) ( Hijx+H iti-lk)/2
(ZAXij)

(H ik+tH itj—lk) = (

Xijk

Vy
Ayi2+}/2 ik

=AtAt (Cf o T Cf ij_lk)|Uitjk| U}jil/(zAXii) +At

Pisc* i) | 20344

(AVXZ(U}mk - Uitjk) _A'/i

(Uit+1jk _U}jk)

(H ikt H itj—lk)AtTij

ij-1k

vento

ZX (Uitjk - Uitj—lk)

PAZijk

surface f T At surface .
+At2k=lf30ttom ZAV): +2‘Ty[k Z (Vijk ( Hix+H it—ljk)):|
i ij

=bottom
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surface
At Z k=bottom

+A t Z surface

k=bottom

surface

+AtgAt Z k=bottom

surface
At Z k=bottom

surface
-ay,
k=bottom

+AtAt (Cf o+ CF ijk) |u?j+lk

+At

I:U|j+1k (H |]+1k }jk)/zAXij:|
H}j+1k(uilj+%k+ U:j+9/2k)Uilj+lk uk( ,J+/yk :j+)/2k)U}j+1k .\
AXi'+ k
At : }/2 (2AXij)
H }j+1k(ui‘j+%k - uitj+}/2k )u}j+2k —-H itjk(U:j+}ék - Uitj+)/2k )Uitjﬂ_k
L AXij+}ék ]
t t ot gt t ot -
gty (Vi oo sg " Vie 1 %«D Wi H e 2y (Vi it/ ‘Vi—/m‘) Uit
At Ay”'+}/2k
t t _|t t gt t _|t t
Higienge (Vi oo Vi +/£«D UintieseTHI 1y 1y (Vi s —/mD Uik
L Ay"'+}/2k
. _
( |J+}/fk+1+ IJ+}}/2/k+|‘)uitj+1k ( IJ+))/§k ij+};%<‘)u;j+1k‘l+
2H;
ij+ ok
+At(Hitj+1k+ Hitjk) ) ) % _ (ZAXU)
w2 w2 g Al
W + Yk |j+}/k+ Uij+akr1 ™ |]+)/é( Uij+x
t
I | 2H i+ Yk |

k=surflayer

(pij+1k - pijk) ( Hijac+ H itjk)/z

(H e+ H itjk) = (

{(H”Hk+ H,JK)A{

X| j+1k

Vy

(H it H iljk)At s
Ayi2+}éj+1k

U}j++11k / ( 4AX;;

Pijsact pijk)/ZAXij+}/2k

(U}+1j+]k_U}j+]k) Vy

i }éjﬂk

(20%;)

H|+ +H! Atz_vento
)—At( actHi) /(2Axn)

PAZij j+1k

k=Dbottom

surface
At Z k=bottom

ﬂ'iafe (Flowl nput;, —

AXij kAyi ik
At |: surface

f Vij+k _
2Ayij +1k

2Ax;

k=bottom

FlowOutput;, j

> (Vhau(HiactH i‘,-k))}

(30)
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(U|J+2k U|j+]k) _izk(uhﬂk - U}jk)j/(ZAXij)}
ij

_Ayz_i(l]itjﬂk _U}—]J+1<)J%2AXH)

+

(ZAXij)




Equation 31 is obtained from 30, placing all implicit terms on the left side of 30 and
explicit terms on its right side.

% surface t t 5:1% B f:;}jzl
&2+ ugny T | (Hit H ii—lk)T (20%,)

i-%

e &6
—AtgAtZk—:mom[( Hi+ac+H }jk)JA;H}/ZJ/(ZAXij)]
+AtAt (Cf it Cf ijflk)|Uitik| u}jﬂl/(ZAxij)

—AtAt (Cf i T CF ijk)|U}j+1k

Uitjt}:lk / ( 2AXij)

= <tlJ Atz?r;zm[uuk ( Hij+ Hiti—lk)/zAXij]

H }jk(U:jJr%k + uitj+}/2k )U}jk -H }j—lk(uitj,/yzk + u:j,)/é(|)ugj—1k N
DXij- 1k
At 7 (2x;)
H itjk(U:j,r%k - U:j+}/2k )Uitj+1k —-H itj—1k(u:j,}/zk —|u§j,/yé<|) Uijk
I AXij- v |

Vioxy /V%D Ui "H Iz g (V:-/‘i-/‘ﬁ i |V§-/¢i-/15|) Ui-si .
Ayi—}/
) Uik

H :+}/2j—}/2k (Vit+}/2j—/1/é< +

2k

_Atzsurfaoe +AL

k=bottom

(20%;)

T T L e RN VT e

_ sy _
t- t- 1
( W, }}/2/k+1+ |J—}}/2/k+l|) U}jk - (Wij—)}ézk + Wij—/])éfn U}jk—l N
t
t t 2H i}k
+At(Hijk+ Hij—lk) y % (ZAXij)
A e o e e
| | 2H; -1k | |
k=surflayer
surface - (pijk_'o”‘lk)(H}jk-l- H}j_lk)/z
-atgaty, o (Hio H) — (20%)

(pijk + pij—lk)/ZAXij*}ék

+Atz:lr;im|:( |Jk+H|] 1k)At[A (UI]+1k Uitjk) AVX (Uuk U}j—lk)}/(ZAXij):|

uk le—lk
+At2iur2im[( Hij+ Hiju) Ot [Ayl%j%k(U}ﬂik‘uﬁ'k)'A;%;Zk(uﬁk‘u?-uk)J/(ZAXu)}
Hi+ Hiou) Atz
At ( jk j 1k) le XZAX”)
PAZijk
surface f : At surface )
AtZk kf)oltom ZAVI: ZAY.J' |:k_;om(Vijk(H itjk +H }—1jk)):|
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—Atzzgzzm[u?; +1K (H fax T H f;k)/zAXijJ

t t t t —_ t t t t
H ..+1k(u”+%k+ Ui 37 )Uij+1k H ..k(uii%k + Ui 3 )Uij+lk
+
DX+ 1k
2
At (ZAXH)
Ht t .t t _Ht t |t t
ij+1k U,l+%k Ulﬁ%k Uij+2k ijk uij+}/2k uw/zk Uij+1k
AXij+}/2k

t t
H i+1j+ Yk (V|+}/2j+)/é< +

t t _ut t t t
L L ta B P VP e N

Ay
surface |J+}/2k
+AtY +At 2AX
Zk-botlom H . (vl B v! ‘) u! v -H . (V‘ _‘V‘ ‘) u!‘ ( I)
A AN N7 BT i 1 A N e B M e i
AYij+}/2k
- t- t- t-
(W”- f/}z/zkﬂ + W; *}}/2/2""’0 ul‘] 41k T (Wil ,,}}/%( + W; 2/%(‘) U:, +1k-1 N
2H;
|J+}/2k
0t (Hi+ H 2%
(Hiacr i) (Wy | J)u; _(Wt-yz A )u;_ (205)
ij+ Y5k ij+ Yok [ Ll +1k+L ij+ Yok ij+ o | ik
t
I 2H |
k=surflayer
wrioce » (pij+1k_pijk)(H|tJ*lk+ Hflk)/z
+AtgAtZk=bonom (H fJ +1k + H hk) = ( ZAX”)

P pijk)/zAxii+}/2k

_Atzzl:zzm_( Hijsac+ H }jk) At [ﬁ{ﬂk(ufhzk - U:j+]k) _At(iz%k (U:j+]k - u}jk)]/(zAXil):|

_Atz:izzm (H i‘i*lk *H }ik) At 2Vy (U}+l|+1k - U:J*Jk) - 2Vy (U}ij - U|!711+1<) (ZAXU)
Ayi+}/2j+1k Ayi—}/zj+1k

H }’4— + H : At Yemo
—At( j+1k lk) T, (ZAX”-)
PAZij 1k
S‘Jia:"e Flowlnput;, — FlowOutput;,
AV HAV

+At

k=bottom

srface T ik'+ At surface ‘
_Atzk=1:onom 2\2)(:( - ZAy N L Z (Vu +1k(H }j+1k +H :Jk))i|
ij+:

=bottom

(31)
Equation 32 is obtained by inserting equation 29 into equation 31.

{:% + AtgAtZ:iﬁm (H ikt H i[j—lk)w/(zmij)
| - Axi-y

surface t t <,t :;}_:21 - {:;}/2
_AtgAtzk:bonom (H i+ T H ijk)i (ZAXij)

Axij+ 1

v g
—gAt| 2571 14 Other _terms
AXij- 1k

+AtAL (Cf ijk+Cf ij—1k)‘U}jk‘ (2AXij)

At
(l-'-(Hitjk"'H}j—lk)(Cf iy +CF ii-lk) Juid

g — g
—gAt| 2L 8|+ Other _terms
AXij+%k

OO (CF |+ CF ) Uone

At (ZAXij)
(0]

1)+ i 32
= see_ above (32)

22



The next step is to simplify the left side of 32 and moving back to its right side all terms
that do not have terms in t+1, obtaining 33.

2 surface {:‘}_/2
-9at Zk:t:onom[(Hitik-'- H }j‘lk) = J

21X Axij-y,
[ & J
AXij-
+gAt3(Cf ijk + Cf ij—lk) ‘uflk‘ At J }/Zk 2AX|J
(1+(|'|i[jk+H}j—1k)(Cf o+ Cf ij_lk) u}ij
* A 2 surtace ‘f:% A 2 surface Cz-r%
+<(i1j o gA:(ij zk:lf)onom((l-l iljk *H }J"lk) AXi;—}/z] + ZA;[(” Zk:tfmnom[(H ilJ'*'lk *tH }ik) AXi;+}/2
&
3 : -
_gAt (Cfijk+Cfij_1k)‘Uijk‘ At (ZAXii)
[“(HENHE-m)(Cf i +CE u—lk)uitjk]
&
3 ¢ (AXijaf}ék]
~9At (Cf ij+lk+Cf ijk)‘uijﬂk At (ZAXij)
g Cnerial
Atz surface flh}:z
- gAx”_ zk=:3mtom[(H i+t H ;jk)Amelyz]
&7
3 ¢ (AXiH}/ZkJ
+9At (Cf ij+1k+Cf ijk)‘Uijﬂk At (ZAXij)
[1+(I-|?j+u<+Hhk)(Cf o T C ijk) ‘Ui[iﬂk j
=see_above
—Atz(Cf i+ Cf ij—1k)‘u}jk‘ A[Other _terms] (ZAXij)
T RC T
Other _t
+At2(cf joc +Cf ijk)\ufjﬂk At[ er _terms| (2ax,)

(33)

Equation 34 is the complete version of 33 and it corresponds to the continuity equation
for “normal” cell columns. Equations 35 and 36 are modified versions of 34 for
upstream and the downstream boundaries, respectively.
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gAt surface t t i1
- N Hik * Hij-
2Ax;; Zk'bmm[( i Hi) Axu‘—yz]

&
AXij—ka
At
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+ 2 surface {I}/Z 2 surface {:*}/z
+ itj }/2 + sal Zk—lf)onom[( H itjk +H }j_lk)JJ + 94t Zk—l;)ttom[( H }j"‘lk +H }jk) J

+gAt3(Cf iik +Cf ij—lk) ‘Uiljk‘ [ ZAX”‘

2AXij AXij_% ZAXH AXij+}é
&
3 t DX~y
—gAt (Cf g T Cf ij_lk)‘Uijk‘ A (2AXij)
[1+(H},-k+Hi‘,-1k)(Cf i+ Cf u‘lk)ui‘ik]

&
[ DAXij+ 1k ]

A
(1+(t)(cf o T CF ijk)UitiﬂkJ

t t
Hij+ + Hiik

2 grf_%
gAt surface a1
- kam[(HﬁﬂHHhk)’J
(+}é
i
AXij+}/2k

21X AXij+y,
At
[1+(H%,-+1k+Hi‘,»k)(Cf st

_gAtS(Cf e T cf ijk)

(20;)

t
Uij+1k

+9At3(Cf ij+1k +Cf ijk)

t
Uij+1k

] (20;) =

t
Uij+1k
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—f” Atz?rzf;m[uuk ( Hix+ Hj 1k)/2AXu]

H (uitj+%k + uitj+}/2k ) Uik = H - (uilj_/yzk + |uilj_)/é<|) Uij-1k .\
AXij—}/zk
At 2Ax;j
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Equations 34, 35 and 36 are rearranged with elevations in t+1/2 on the left in order to
obtain a tridiagonal system (37), which is solved implicitly for the elevations. The r term
for this tridiagonal system is the right side of the same equations.
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Semi time step =2

The rationale is exactly the same as for semi time step 1.
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At the upstream boundary:
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3.2.2 Vertical velocity calculation

The elevations calculated at t+1/2 are used to compute the u velocities at t+1 and the w
velocities at t+1/2. Vertical velocities are calculated assuming volume conservation.

Knowing the horizontal inflows, w may be calculated by difference, starting at the
bottom layer (numerical solution of 4):
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The asterisk means that the velocity component estimates to be used should be the
same used previously in the continuity equation. Volume changes at surface grid cells
may be calculated from flow divergence (equation 53) and its numerical solution (54):
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An updated estimate of elevation is then obtained from cell volume, width and length.
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3.3 Transport equation

Finally, the concentration of any property may be calculated with the transport equation
(5) using its numerical solution (All.30). Where S is the concentration of any property
and the terms Ax and Az stand for horizontal and vertical diffusivity, respectively. In the
present model, horizontal diffusivity of momentum or any other property are assumed
to be constant. Vertical diffusivity of momentum is calculated from a mixing length
model as described in Santos (1995). Vertical diffusivity of mass and heat is calculated
from Leendertse and Liu (1978) fide Santos (1995).
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By rearranging 56 with t+1 terms on the left, another implicit solution based on a
tridiagonal system may be obtained (57, 58 and 59).
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Where X! represents all the explicit terms on the right of 57.
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3.4 Sea boundary conditions

Current velocity across a western sea boundary (v component = 0):
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Current velocity across a eastern sea boundary (v component = 0):
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Current velocity across a southern sea boundary (u component = 0):
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Current velocity across a notthern sea boundary (u component = 0):
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